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Abstract 

We generalize Berger and Moerdijk's results on axiomatic homotopy theory 
for operads to the setting of enriched symmetric monoidal model categories, 
and show how this theory applies to orthogonal spectra. In particular, we 
provide a symmetric fibrant replacement functor for the positive stable model 
structure. 

1 Introduction 

Operads (in topological spaces) were introduced in order to describe alge- 
braic structures where the constraints are relaxed up to a system of ho- 
motopies. The definition of operads generalizes to any symmetric monoidal 
category. This raises the question about axiomatic homotopy theory for oper- 
ads, given that the base category has a monoidal model structure. This ques- 
tion has answers when the base category is simplicial sets by Rezk [Rez96j, 
complexes of a module over a ring by Hinich [Hin97j . a cofibrantly gener- 
ated symmetric monoidal model category by Spitzweck |Spi01| , fc-spaces by 
Vogt |Vog03|, and a closed symmetric monoidal model category by Berger 
and Moerdijk |BM03| . 

The aim of this article is to provide Quillen model structures on oper- 
ads and their algebras when the base category is some symmetric monoidal 
category of spectra, for instance orthogonal spectra, see [MMSS01, exam- 
ple 4.4]. An argument of Lewis |Lew91j shows that no symmetric monoidal 
model category of spectra can simultaneously have a cofibrant unit and a 
symmetric monoidal fibrant replacement functor. Unfortunately, Berger and 
Moerdijk's constructions require both these properties of the base category. 

We resolve this problem by considering an enriched symmetric monoidal 
model category. This generalizes the hint given in |BM03l example 4.6.4]. We 
follow the strategy and proofs of the paper [BM03] closely, and observe that 
there is no need to assume that the unit of the base category is cofibrant, 
as long as the category we enrich in has a cofibrant unit. We advise the 
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reader to keep a copy of Berger and Moerdijk's article at hand while reading 
section [2j 

The category of orthogonal spectra, with the positive stable model struc- 
ture, see [MMSS01, section 14], satisfies a priori nearly all of the requirements 
of the previous section. The only missing piece is a symmetric monoidal fi- 
brant replacement functor. We show in section [3] that the second-most naive 
guess for a fibrant replacement functor actually is symmetric. The analogous 
functor in symmetric spectra is not a fibrant replacement. 

Acknowledgements. The author would like to thank K. Hess for her 
encouragement and detailed comments in this research. Also thanks to M. 
Ching for email discussions, to H. Fausk for comments, and to I. Moerdijk 
for comments and for explaining some details of their article. 



2 Model structures on operads and their left mod- 
ules 

We assume that the reader is familiar with the basic notions of model cate- 
gories, see for example }DS95] or |Hir03| . 

For the basic definitions of enriched categories, consult }Kel05] . We recall 
a few facts: Throughout V denotes a closed symmetric monoidal category 
with product <g>, unit I, and internal horn [—,—]. Let £ be a symmet- 
ric monoidal category with product A, unit S, enriched with horn objects 
£( — , — ) in V, having tensor 0: V x £ — > £, and cotensor written by expo- 
nentiation. For A, B in £ and Y in V there are natural isomorphisms 

[Y, £(A, B)] = £(Y Q A,B) = £(A, B Y ) . 

We will assume that both V and the underlying category of £ are monoidal 
model categories, see [Hov98j and |SSQ0j . in particular the pushout-product 
axiom holds. Moreover, we need an axiom relating the model structures on 
V and £ . Thus we assume the 

Pullback-cotensor axiom: If p : A -» B is an £-fibration and i : X <^-> 
Y is a V-cofibration, then p a : A Y — > B ¥ x B x A x is an f-fibration, 
and moreover p^ 1 is trivial if either p or i is trivial. 

By adjunction this axiom have two equivalent reformulations, one of them 
similar to Quillen's axiom SM7. Moreover, our axiom implies that £ is a 
model enrichment by V, in the sense of |Dug06 section 3.1]. 



Let Hopf (V) be the category of commutative Hopf objects in V, see [BM031 
section 1]. Observe that any Abelian monoid M naturally gives rise to a 
commutative Hopf object I[M] whose underlying object in V is TJ M /. Con- 
sider Z/2 multiplicatively. If the folding map /[Z/2] — > / can be factored 
in Hopf(V) as /[Z/2] ^ H —> I, where the underlying maps in V are a 
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cofibration and a weak equivalence respectively, then we say that V admits 
a commutative Hopf interval. 

For a finite group G, let £ G denote the category of objects in £ with a 
right G-action and G-equivariant maps. A collection in £ is a sequence of 
objects A(n), n > in £ , such that A(n) has a right action of the symmetric 
group E n . This category Coil(£) equals the product n^S=o^ Sn - Assuming 
that £ is cofibrantly generated, there is a model structure on collections 
where A — > B is a weak equivalence (resp. fibration) if each A(n) — ► B(n) is 
a non-equivariant weak equivalence (resp. fibration) in £. The subcategory 
Coll(£) (resp. Coll+(£)) of reduced collections (resp. positive collections) 
consists of those A such that A(0) = S (resp. A(0) = 0). 

An operad in £ is a collection V together with a unit S — > 'P(l) and 
structure maps 

A P(m) A • • • A P(n fc ) -> P(m H + n fc ) 

satisfying certain conditions, see |May72| . Alternatively, one can define this 
category Oper(£) as the monoids for Smirnov's non-commutative monoidal 
product on collections in £, see |Smi82] or [MSS02, section 1.1.8]. We denote 
this product by o, and will define and study it more thoroughly later in this 
note, see definition 12.61 The unit for o is the collection <S with 5(1) = S 
and S(n) = for n 7^ 1. An operad V is called positive if V(0) = 0, or 
is reduced if V(0) = S. Denote these categories Oper + (£) and Oper(£) 
respectively. Let Ass and Com denote the operads for associative and 
commutative monoids respectively Their n-ary parts are given by Ass(n) = 
<5[£ n ] and Com(n) = S. Observe that the category of reduced operads is 
the subcategory of Oper(f)/Com consisting of a: V — ► Com with a(0) 
being the identity of S. An operad V is called Ti- split if V is a retract of 
V A Ass. 

For an arbitrary operad V we define categories -pMod, pAlg, and V d . A 
left V-module is a collection M together with a left action V o M —> M. A 
V-algebra A is a left P-module concentrated in arity 0, i.e. A{n) = * for 
n > 0. Explicitly, we have structure maps V{n) A A An — > A. More generally, 
we define a d'th order V-form to be a left "P-module truncated above arity 
d, i.e. M(n) = * for n > d. A V -coalgebra is an object B of £ together 
with structure maps B A V(n) — > S An satisfying conditions dual to those of 
a 'P-algebra. 

Let V be one of the categories Oper + (f ), Oper(£), -pMod, V d , or -pAlg. 
In all cases we have forgetful functors to Coll(£). We say that V admits a 
transferred model structure if there is a model structure on V where A — > B 
is a weak equivalence (resp. fibration) if and only if the underlying map in 
Coll(£) is a weak equivalence (resp. fibration). 

Generalizing the main results of [B M03| we have: 
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Theorem 2.1 Assume that the unit I € V is cofibrant, V admits a commu- 
tative Hopf interval, £ is cofibrantly generated, and £/S (resp. £) admits 
a symmetric monoidal fibrant replacement functor. The category of reduced 
operads in £ (resp. positive operads in £) then admits a transferred model 
structure. 

Theorem 2.2 Assume that the unit I € V is cofibrant, £ is cofibrantly 
generated, and £ has a symmetric fibrant replacement functor. Let V be an 
operad in £ and Q an operad in V. If there exists an operad map j : V — > 
Q V and an interval in V with a Q-coalgebra structure, then pMod ; V d 
and -pAlg admit transferred model structures. 

Corollary 2.3 Assume that the unit I € V is cofibrant, £ is cofibrantly gen- 
erated, and £ has a symmetric fibrant replacement functor. If there exists an 
interval in V with a coassociative comultiplication, then for all T,-split operads 
V the categories pMod, V d and -pAlg admit transferred model structures. 

Corollary 2.4 Assume that the unit I £ V is cofibrant, £ is cofibrantly 
generated, and £ has a symmetric fibrant replacement functor. If there exists 
an interval in V with a coassociative and cocommutative comultiplication, 
then for all operads V the categories -pMod, V and -pAlg admit transferred 
model structures. 

Proof: We prove all four results simultaneously and follow Berger and Mo- 
erdijk closely in their approach. Hence, we will only outline the arguments, 
to the extent it becomes obvious that everything they do also work in our 
enriched setting. 

Since -pAlg and V d are truncations of -pMod, we will not mention them 
again in this proof, i.e. the details are exactly as for left modules. Moreover, 
the two corollaries follow from theorem 12.21 by taking Q = Ass and Com 
respectively. 

To put model structures on Oper + (£), Oper(£) and pMod, we consider 
free-forgetful adjunctions 

Coll+(£) +± Oper + (£), 

CoTl(5/5) +± 6pev(£), and 
Coll(£) +± pMod . 

Using the transfer principle and Quillen's path-object argument, as explained 
in |BM03i sections 2.5 and 2.6], we have to check that Oper + (£), Oper(£) and 
-pMod have small colimits and finite limits, the free functors preserve small 
objects, Oper + (£), Oper(£) and -pMod have fibrant replacement functors, 
and Oper + (£), Oper(£) and -pMod have functorial path-objects for fibrant 
objects. See also |Hir03l theorem 11.3.2]. 
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The functorial fibrant replacement functors of Oper + (£), Oper(£) and 
-pMod are denned aritywise using the symmetric fibrant replacement functors 
of £, £/S and £ respectively. To get the functorial path-objects we use 
convolution pairings 

Hopf(V) op x Oper + (£) -» Oper + (£), 

Hopf(V) op x 6per(£) -> 6per(£), and 
Coalg°| xpMod -> QopMod . 

To construct the first pairing, observe that each commutative Hopf object 
H defines a cooperad TH with TH(n) = H® n . We use the unreduced 
convolution pairing V th given by V th (n) = V{n) TH ^ n ' . Now let H be 
a commutative Hopf interval in V. As in [BM031 theorem 3.1] we get a 
functorial path object 

for positive operads. 

For the second pairing we are given H G Hopf(V) and V — ► Com. 
Observe that the counit e : if — ► I is a map of commutative Hopf objects. 
Thus, we can define the reduced convolution pairing V th as the pullback of 

Com Com™ <- . 

Let V be a fibrant reduced operad in £ , and let /[Z/2] ^ F ^ / be a 
commutative Hopf interval in V. By convolution we get 

V = pri ^p^H _ p?7[i72] _ p XCom p . 

if and I are cofibrant, so the first map is a weak equivalence by Ken Brown's 
lemma and the cotensor-pullback axiom. The middle map is a fibration by 
the cotensor-pullback axiom. While the last map is for n > 1 the projection 

7^PV2]( n ) = p(n) x s 2n -» V(n) x s V(n) onto the first and last factor, and 
hence a fibration. This yields a functorial path-object for fibrant V. 

The last convolution pairing, M B , between a coalgebra B under an op- 
erad Q in V and a left P-module M, is defined by the formula M B (n) = 
M{n) B . Here, the left Q P-module structure map 

(Q V){k) A M B (m) A • • • A M B (n fc ) -> M B (n) 
is given as the adjoint of the composition 

BQ(QQ T)(k) A M B ( ni ) A • • • A M s (n fc ) 

= (B Q(fc)) A M{n x ) B A • • • A M(n k ) B ) 

_, 5®* © (7?(jfc) A M(ni) B A • • • A M(n k ) B ) 
^ V(k) A (B Q M( ni ) B ) A • • • A (B M(n fc ) B ) 
-» 7>(fc) A M(m) A • • • A M(n fe ) -> M(n) 
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From here on the path-object argument works exactly as in Berger and Mo- 
erdijk's proof of {BM031 theorem 4.1]. □ 



The initial positive operad is S, the unit for the o-product on collections, 
while the initial reduced operad <S is given by S(n) = S for n = 0, 1 and 
S(n) = otherwise. If the unit S of £ is not cofibrant, we have to be extra 
careful with cofibrancy of operads. Therefore, we call a reduced operad V 
T,-cofibrant if the unique map S — > V is a cofibration in the model structure 
on collections. Similarly, we also call a positive operad V T,-cofibrant if the 
unique map S — ► V is a cofibration of collections. An map of operads V — > Q 
is called a £- cofibration if the underlying map of collections is a cofibration. 
Observe that our notions of S-cofibrant differs from the definition found 
in |BM03l section 4], but agrees with the definition in |BM06l section 2.4]. 
However, all notions coincide if S is cofibrant in £. 

Proposition 2.5 Any cofibrant reduced (resp. positive) operad is Yj-cofibrant. 



Proof: We consider the case of reduced operads first. Since the initial 
reduced operad, S, is S-cofibrant, it is enough to show that S-cofibrant re- 
duced operads are closed under cellular extensions. We will now contemplate 
the difference between reduced and unreduced operads. Let F: Coll(£) — > 
Oper(£) be the free operad functor, and let F : Coll(£/S) — > Oper(£) be 
the free reduced operad functor. Given a reduced collection A in £/S, we 
observe that FA(n) = FA(n) for n > 0, while FA(0) = S. 

|BM03l corollary 5.2] says that for any cofibration A B of collections 
and any map of operads FA — > V the induced map V — > V Ufa FB is a 
S-cofibration. So, if V is a S-cofibrant reduced operad, A «— > B a cofibration 
in Coll(£/S), and u: A — > f7("P) an arbitrary map, then the only difference 
between V U FA FB and V Ufa FB lies in arity 0. Hence, the map V — ► 
VU FA FB is a S-cofibration. 

Next, we consider the case of positive operads. Observe that the free 
positive operad functor is the restriction of F : Coll(£) — > Oper(£") to the 
subcategory of positive collections. Hence, [BM031 corollary 5.2] immedi- 
ately applies, and yields the result. □ 

We now turn towards Smirnov's product on collections, see |Smi82j . We 
begin with the definition of the o-product, and proceed by proving a two 
technical results, namely the propositions 12.71 and 12.81 Berger and Moerdijk 
prove technicalities of similar flavor in [BM061 section 2.5]. 

Definition 2.6 Let r\,...,rk be non-negative integers that sum up to n. 
Abbreviate X(r\) A ••• A X(rk) by X(r*) ; and S ri x ••• x S rfc by S(r#). 
We get a E(r*)- action on X(r«). Now induce up to a Ti n -equivariant object 



6 



Ind^" r j JT(r*). On i/ie disjoint union over all partitions of length k that sum 
to n, 

we have a Yi^-action by permuting factors in X{r*) and blocks in S n . Now 
define 

oo / 

(A o X)(n) = H A(k) A Sfc I]lndg rt) X(r*) 

fe=0 V r* 

We will now derive a few properties of this product, but before that let 
us introduce a piece of terminology coming from Goodwillie's calculus of 
functors: We call the diagram 

A^B 

\ \ 
C^D 

a cofibration square if the three maps A — > B , A — > C and B Ua C — > D are 
cofibrations. 

Proposition 2.7 Lei A be a cofibrant in the model category of reduced col- 
lection under S (resp. positive collections under S), and let X ^ Y be a 
cofibration between cofibrant collections. Then A o X — > A o Y is also a 
cofibration. 

Proof: Fix n and k. acts on partitions r* of length k that sum up to n. 
Fix also a representative r* for an orbit of this action. Let Aut(r*) be the 
permutations in that acts trivially on r*. It is enough to show that 

A(k) A Aut(r ,) (indg^ X(r*)) -> A Aut (r,) ( Ind s(r») y ( r *)) 

is a S n -equivariant cofibration. Clearly, X{r*) — > is a £(r*)-equivariant 

cofibration, and Ind^? s preserves (equivariant) cofibrations. Observe that 
the map above is tautologically an equivariant cofibration if A is the initial 
reduced operad S (resp. the initial positive operad S). In general, we may 
assume that A(k) is a cellular £ Sfe -object relative to S(k) (resp. rel S(k)). 
Hence A(k) is a (transfinite) sequential colimit where each step A(k) a <^-> 
A(k) a +\ is formed by gluing a generating cofibration Sj. x d a <^-> x D a . 
By the pushout product axiom for £ we have a cofibration square 

LU/A«t(r.) 5 " A ( Ind S(r.) * U Efc /A«t(r.) A, A (ind^j X(r,)) 

IIs fc /A«t(r,) 5 - A ( Ind S(„) ^)) UE fc /A«t(r.) A, A ( Ind E(„) ^*)) 




7 



Hence, also 



A(k) a A Au t(r.) ( Ind §r») X ( r *)) ^#Wi A Aut(r ,) (lnd^ } X(r*)) 

A{k) a A Aut(r , } (lnd^ } F(r*)) A Aut(rv) (indg^ Y(r*)) 

is a cofibration square. The conclusion follows. □ 

Proposition 2.8 Let A ^ B be a weak equivalence between cofibrant re- 
duced collections under S (resp. cofibrant positive collections under S), and 
let X be a cofibrant collection. Then A o X — > B o X is also a weak equiva- 
lence. 

Proof: By Ken Brown's lemma, it is enough to consider the case where 
A — > B is an acyclic cofibration between reduced (resp. positive) collections. 
Fix n, k and r* as above. We may assume that B(k) is cellular relative to 
A(k). Hence, we write B(k) as a (transfmite) sequential colimit starting with 
B(k)o = A(k), and such that each step B(k) a — > B(k) a+ i is the pushout 
along a generating acyclic cofibration, x 9 a ^ x D a . We now get a 
pushout diagram 

U Sfc/ Aut(r.) 9 « A ( Illd E(r,) X ( r *)) * Us fc/ Aut(r.) D <* A ( Illd E(r,) X ( r *)) 

B(k) a A A «t(r.) (indg^) X(r*)) ^ B(k) a+1 A Au t(r.) ( Ind s(V») X ( r *)) 

where the top map is an acyclic cofibration by the pushout-product axiom. 
Hence the bottom map also is an acyclic cofibration. □ 

The free functor F-p : Coll(£) — > -pMod is given by the o-product, i.e. 
Fp(X) =T J oX. This extends the Schur functor defining the free "P-algebra. 

Theorem 2.9 Under the assumptions of theorem E3 assume additionally 
that £ is left proper, and that the domains of the generating cofibrations are 
cofibrant. If (ft: V — > Q is a weak equivalence between ^-cofibrant reduced 
(resp. positive) operads, then the base-change adjunctions -pMod <^ gMod, 
-pAlg ^ gAlg, and V d <^ Q d are Quillen equivalences. 

Proof: We prove this for left modules, the other cases are similar. The 
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categories pMod and gMod both carry transferred model structures, hence 
the base-change adjunction is a Quillen pair by inspection. Since the forget- 
ful functor cf)* reflects weak equivalences, it is enough to show that the unit 
of the adjunction, M — > cj)*(j)\M , is a weak equivalence for each cellular left 
P-module M. Cellular means that M is a (transfinite) sequential colimit 
starting from the initial left 'P-module, and where M Q+1 is the pushout of 
M a <— V o d a V o D a , for a generating cofibration d a — > D a in Coll(£). 
Observe (j>*(j>\M inherits a similar description, i.e. 4>*4>\M a+ i is the pushout 
of 4>*<j)\M a <- </>*(Q o a a ) -» c/>*(Q o D a ). Recall from proposition ES that 
V o d a — > Q o 9 a and P o D a Qo Z} Q are weak equivalences, while 
V od a — > VoD a and Qod a — > QoD a are S-cofibrations by proposition 12.71 
Thus inductively, all M Q — > <j>*<f>\M a are weak equivalences, and the conclu- 
sion follows. □ 



3 The case of orthogonal spectra 

It is convenient to replace the category of all topological spaces by compactly 
generated spaces (= weak Hausdorff fc-spaces, see |McC69| ). We define the 

h h 

reduced homotopy colimit of a sequence X\ — > X2 — > X 3 — > • • ■ of based 
spaces as the reduced mapping telescope. hocolim n X n has the topology of 
the union IJ^Lq F n , where the n'th space of the filtration is 

F n = {X x A /+) U fl (X 2 A /+) U /2 (X 3 A /+) U • • • U (X n _i A /+) U X n . 

Since each X n is compactly generated, all base points * € X n are closed, 
so any compact subset of hocolim n X„ is contained in some Fk, see [Ste67, 
lemma 9.3]. Using the projections F n — » X n , it is easy to prove that we have 
natural group isomorphisms 

colim TTqX n ir„ hocolim X n 

n n 

An orthogonal spectrum X consists of a based 0(U)-equivariant space 
X(V) for every finite- dimensional real inner product space V together with 
0(V) xO(PU)-equivariant suspension maps a: S v f\X(W) — ► X(V@W) sat- 
isfying the obvious coherence condition, see }MMSS01l example 4.4]. Fixing 
orthogonal spectra X and Y consider pairs (Z,n), where Z is an orthogonal 
spectrum and fx is a family of maps fi(V, W) : X(V) A Y(W) Z(V © W) 
such that /j,(V,W) is 0(V) x 0(W)-equivariant and the following diagram 
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commutes for all U, V and W: 



a x Al 



X(U®V)AY(W) 



(*) 



i(U®V,W) 



S U AX(V)AY(W) ■ 

twist 
X(V)AS U AY(W) ■ 



lAn(V,W) 



S U AZ(V®W) ■ 



■ Z(U®V®W) 



H(V,U®W) 

X{V)AY(U®W) 5- Z(V®U®W) 



The smash product X AY is initial among such Z. Thus, any such pair (Z, /i) 
determines a unique map X AY ^ Z. We denote the category of orthogonal 
spectra by Sp° . The smash product A is symmetric monoidal with unit the 
sphere spectrum S. Moreover, Sp° is enriched, tensored and cotensored over 
topological spaces. The stable homotopy groups of an orthogonal spectrum X 
are defined for all integers q in terms of homotopy groups of topological spaces 



by the formula 7r g X = colim n 7r q+n X( 



A map X — > Y of orthogonal 



spectra is a weak equivalence if it induces isomorphisms Tr q X = Tr q Y of all q. 
This definition of weak equivalence fits into a model structure on Sp°: 

Theorem 3.1 ([MMSS01, section 14]) There is a model structure onSp° 
called the positive stable model structure, where the weak equivalences are as 
above. The model structure is cofibrantly generated, left and right proper, and 
satisfies the pullback-cotensor and pushout-product axioms. Furthermore, the 
domains of the generating cofibrations are cofibrant. The fibrations are char- 
acterized as the maps E — > B such that for all V of positive dimension 
E(V) — > B(V) is a Serre fibration and the diagram 



E(V) 



QE(V< 



B{V) 3> QB(V © E) 

is homotopy pullback. 

Definition 3.2 Abbreviate W 1 £ED V by nV. Define the functor T by the 
formula TX(V) = hocolim,, Q nV X((n+i)V) . 

Let Jif be the category of pairs (V, W), where the morphisms (V, W) — > 
(V',W) consists of injective linear isometries i: V — > V and j: W — > W 
together with a linear isometric isomorphism a: V — i(V) = W — jiW). 
If V, W, V, W are oriented, then V — i(V) and W — j(W) inherit orienta- 
tions, and we call a morphism in positively oriented if a is orientation 
preserving. Thus we have a category J£+ of pairs of oriented inner product 
spaces and positively oriented morphisms. It is easily seen that the space 
J£+((V, W), (V',W)) is connected whenever dimF < dimV'. 
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Now observe that each orthogonal spectrum X gives rise to a continuous 
functor from to spaces by sending (V, W) to Q v X(W). Here the induced 
maps £l v X(W) — > U v X(W') come from applying Q v (— ) to the adjoint of 
a: S u A X(W) -► X(i7 W) with U = V - i(V). 

Abbreviate n nV X((n+i)V) by Q® n X{V). The morphism 

(nW, (n+l)W) -> ((n+l)V raW, (n+l)F © (ra+l)W) 

induces a map 

ft nH/ x((n+i)W0 -> n v n n( - V(BW ^x((n+i)(v © w)) 

whose adjoint makes f2® n X into an orthogonal spectrum. The morphisms 
(nV, (n+i)V) — > (nF © V, (n+i)F © V) induce the structure maps of the ho- 
motopy colimit: 

9® n x{v) = n nV x((n+i)V) -► ft( n+1 ) y x((n+2)T/) = ^ ( n+1 )x(y) . 

Moreover, these maps commute with the suspension for the orthogonal spec- 
tra n® n x and n®( n+ Vx. 

Fix orthogonal spectra X and Y, let k = max(m, n), and define fJ, m>n (V, W) 
as the composition 

n mV x((m+i)V) a o nH/ y((n+i)iy) 
-» n fcV ® feTV (x((fc+i)y) Ar((fc+i)W)) 

^^ w )(lA7)((W)(F©iy)) . 

This family of /x mj7l 's satisfy (*), and hence they induce a map // mj7 j : f2® m .X"A 
Q®n y _^ ^^^(X AF). By inspection the following four dia grams commute: 

n® n ix a n® n2 Y a n® n:i z 1A/X " 2 '" 3 — > ft® ni x a o® fc 2(y a z) 



ll*(^Ar)All f)n3 Z- 



11*(IA7A2) 



where fci = max(ni,n2), &2 = max(ri2,n3), and fc = max(ni, ri2, 713). 



x a ^® m y — ^ ft® fe (x a y) 



twist 



twist 



Q® n x a o® m y ■ 



■fl^(lAy) forn< 



m 



5n+l 




x a n^y 
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tt® n X An® m Y n ' m > VL® k (X /\Y) for n > m. 

fl®n+i x a Vt® m Y n -^~ Q.® k+1 {X A Y) 

Theorem 3.3 T is a symmetric fibrant replacement functor for the positive 
stable model structure on orthogonal spectra. 

Proof: Clearly, TX = hocolim n Q® n X becomes an orthogonal spectrum, 
and comes with a coaugmentation X — > TX. By the diagrams above the 
A*n,m's yields a natural transformation 

fi: TX A TY — > T(X A Y) . 

Moreover, \i is associative and commutative. Hence T is a symmetric monoidal 
functor. It remains to show that TX is fibrant for all X, and that the map 
X — > TX is a weak equivalence. 

Assume dim V > 0. The g'th homotopy group of TX(V) is calculated as 
colim n Q. nV X{{n+i)V). Now consider the following solid diag 

(nV, (n+l)V) ((2n+l)V, (2n+2)y) 




(R n(M V), (n+l)(R V)) »- (M © (2n+l)(R © V), (2n+2)(E © V)) 

Choosing a linear isometry R — > V, we explicitly construct the dotted arrow 
such that the upper triangle commutes. However, the lower triangle will only 
commute up to a homotopy. This uses that the morphism spaces of Jfr+ are 
connected. Thus the induced diagram 

7T q n nV X((n+l)V) » 7T q rt 2n+1 W X((2n+2)V) 




TT q nn n ( R ® V ^X((n+l)(R © V)) 7r g ^( 2n + 1 )( M0V ')X((2n+2)(R © V)) 

commutes. This shows that TX{V) — > OTX(R © V) is a weak equivalence. 
Hence, TX(V) is fibrant in the positive stable model structure. 

A similar argument shows that the map X — > TX is a weak equivalence. 

□ 

Remark 3.4 The construction of the functor T can also be a carried out in 
the category of symmetric spectra. However, in this case TX will in general 
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not be a positive VL-spectrum. For a counterexample consider X = F\S , the 
free symmetric spectrum generated by a circle S 1 in level 1. The reason that 
the proof fails for symmetric spectra is that the category corresponding to 
will be discrete, and hence allows no non-trivial homotopies. 

In order to construct a symmetric fibrant replacement functor for sym- 
metric spectra other techniques are required. Perhaps one might improve on 
the small object argument. 

Theorem 3.5 For an orthogonal spectrum X over S let TX be the levelwise 
homotopy pullback of S — ► TS <— TX. This defines a symmetric fibrant 
replacement functor T for the positive stable model structure on orthogonal 
spectra over S. 

Proof: By construction TX — > S is a level fibration. Fix some positive 
dimensional V. Consider the diagram 

TX(V) 5- TX(V) — QTX(V © E) . 

" 

S(V) > TS{V) — nTS(V © E) 

The left square is homotopy pullback by definition of TX, while the right 
square is homotopy pullback since the top and bottom maps are weak equiv- 
alences. Consequently, the outer square is homotopy pullback. Now look at 
the diagram 

TX(V) *■ nfX(V © E) *■ QTX(V © E) . 

s(v) ^ ns{v © e) nTS{v © e) 

The outer squares of this and the previous diagram are the same. Since f2(— ) 
commutes with homotopy pullback, and by the definition of TX, the right 
square is homotopy pullback. It follows that the left square is homotopy 
pullback, hence we are done. □ 
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